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Abstract
We show that the homogeneous Yang-Baxter (YB) deformation of Green-Schwarz sigma
models manifests itself as the action of a coordinate dependent O(d, d) matrix on the
target space fields both in the NS-NS and the RR sectors. When the R-matrix that
determines the YB deformation is Abelian, the O(d, d) matrix reduces to the constant
matrix that produces Lunin-Maldacena deformations (TsT deformations), in agreement
with the well established fact that homogeneous YB deformations are a generalization
of LM deformations. Our approach gives a natural embedding of the homogeneous YB
model in Double Field Theory (DFT), a framework which provides an O(d, d) covariant
formulation for effective string actions. We show that the YB deformed fields can be
regarded as duality twisted fields in the context of Gauged Double Field Theory (GDFT).
We compute the fluxes associated with the twist and show that the conditions on the
R-matrix determining the YB deformation give rise to conditions on the fluxes on the
(G)DFT side. We find that the R-flux vanishes if and only if the R-matrix satisfies the
classical Yang-Baxter equation, and the unimodularity of the R-matrix implies that the
Q-flux is traceless. Non-unimodularity of the R-matrix forces the generalized dilaton field
to pick up a linear dependence on the winding type coordinates of DFT, implying that
the corresponding supergravity fields should satisfy generalized supergravity equations.
♯ozerayb@itu.edu.tr ♭tunali16@itu.edu.tr
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1
1 Introduction
Constructing integrable deformations of string backgrounds relevant for AdS/CFT correspon-
dence is an active line of research. An important milestone in this direction was the work of
Klimcik [1], where he introduced a particular type of deformation for Principal Chiral Models
(PCM) with simple compact Lie group as the target manifold. The resulting deformed sigma
model was dubbed Yang-Baxter sigma model, as the deformation is based on solutions of mod-
ified classical Yang-Baxter equation (mCYBE). The integrability of the YB sigma model was
proved later in [2]. The applicability of YB deformations was extended to symmetric coset
spaces in [3], which in turn was applied to AdS5 × S5 in [4]. The NS-NS sector of the cor-
responding deformed supergravity background was found in [5]. Similar deformations for the
NS-NS sector of AdSn × Sn supercosets was studied in [6]. The RR sectors of these deformed
backgrounds was worked out in [7], and was successfully established for the n = 2 and n = 3
cases. The most interesting n = 5 case could not be understood fully in that work and the
full Lagrangian for the deformed AdS5 × S5 was found later in [8]. We should note that such
deformations of the supergravity backgrounds are usually called η-deformations.
It is also possible to consider similar deformations based on the classical Yang-Baxter equa-
tion (CYBE), as opposed to mCYBE. Following the literature, we call the resulting models
homogeneous Yang-Baxter models. Such deformations of the AdS5×S5 string was first studied
in [9]. These deformations are particularly interesting, as they provide a natural generalization
of the Lunin-Maldacena (LM) deformations [10], obtained by T-duality-shift-T-duality (TsT)
transformations [11]. Indeed, when the R-matrix (which is an endomorphism on the Lie algebra
of the symmetry group) that solves the CYBE is Abelian, the corresponding deformation is the
LM deformation, as was first suggested in [12] and then proved in [13]. The relation between
TsT transformations and homogeneous YB deformations was also studied in the papers [14]-
[19].
Given the relation between homogeneous YB deformations based on an Abelian R-matrix
and the TsT transformations, it is natural to wonder whether a similar relation to T-duality
holds for more general R-matrices. Indeed, it was conjectured in [20] that the homogeneous
Yang-Baxter model can be obtained by applying Non-Abelian T-duality (NATD) to the original
background, with respect to an isometry group determined by the R-matrix. This conjecture
was proved by Borsato and Wulff in [21], [22] for the case of Principal Chiral Models (PCM)1.
Recently, Borsato and Wulff extended their work to homogeneous YB deformations of more
general sigma models than PCMs. In their paper [24], they derived the rules for NATD for
a generic Green-Schwarz (GS) string with isometry group G, where NATD is applied with
respect to a subgroup of G. Then, by using the connection between NATD and homogeneous
YB models that they had established in [21], [22], they proposed the form of homogeneous YB
deformation for a generic GS sigma model and showed that this gave a natural generalization
of the YB deformation of PCMs and supercosets.
Recently in [25], we showed that the NATD transformation rules obtained in [24] for a generic
GS string with isometry group G can be described through the action of a coordinate dependent
1See also [23], where they arrive at the same result by utilizing the O(d, d) structure of NATD.
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O(d, d) matrix. The dependence of the NATD matrix on the coordinates is determined by the
structure constants of the Lie algebra associated with the isometry group. Viewing NATD
this way made it possible to consider it as a transformation in Double Field Theory (DFT), a
formalism which provides an O(d,d) covariant formulation for effective string actions [26]- [30].
As a result, we could directly check that the dual fields satisfied the field equations of DFT.
If the isometry group G is unimodular, the frame in which the NATD fields satisfy the DFT
equations can be chosen to be the supergravity frame. It is known that the DFT equations
reduce to standard supergravity equations in this frame, and hence the NATD matrix acts as
a solution generating transformation in supergravity. On the other hand, for non-unimodular
G, we showed that the generalized dilaton field of DFT was forced to have a linear dependence
on the dual coordinates. In such a case, DFT equations are known to reduce to generalized
supergravity equations (GSE) [31], [32]. As a result, embedding NATD in DFT makes is possible
to prove that NATD fields (including those in the RR sector) solve supergravity equations when
the isometry group is unimodular, whereas in the non-unimodular case they form a solution for
GSE. NATD (and the related Poisson-Lie T-duality) has been studied in the context of DFT
also in the papers [23], [33], [34], [35], [36] and [37].
Given the relation between NATD and homogeneous YB deformations discussed briefly
above, the results of [25] implies that it should be possible to describe YB deformations also as
O(d, d) transformations and hence to embed it in DFT. In fact, this approach has already been
adopted by several groups. In [38], it was proposed that homogeneous YB deformations could
be obtained by the action of a specific O(d, d) transformation: the β- transformation. Although
they did not give a general proof for their proposal there, they provided examples; more precisely
they considered the homogeneous YB deformation of the AdS5 × S5 background based on
almost Abelian R-matrices satisfying the CYBE and verified that the resulting backgrounds
could indeed be obtained through the action of a β-transformation. It should be noted that
their formulas worked only when the B-field of the undeformed background vanished. In the
subsequent paper [39], more examples were provided and it was argued that the deformed
backgrounds belonged to a certain class of non-geometric backgrounds, called T-folds [40].
The non-geometry arises due to the Q-flux resulting from a non-trivial monodromy in the so
called β-field around closed cycles. Later in [41], a proof of the proposal of [38] was given
for deformations of the AdS5 × S5 background, by rewriting the YB deformed action in the
form of Green-Schwarz action (up to quadratic order in fermions) and showing that the target
space can be obtained by applying β-transformation on the AdS5 × S5 background. In the
same paper, they also considered β-transformations of the AdS3 × S3 × T 4 with non-vanishing
H-flux and showed that the resulting background solved equations of motion of (generalized)
supergravity. However, a proof for the equivalence with YB deformation could not be given for
this case, due to complications arising from the presence of the H-flux. The O(d, d) structure
of YB deformations was also studied in the paper [23].
Although not presented in the language of O(d, d) transformations initially, the approach
adopted in the papers [42], [43], [44] which regards Yang-Baxter deformation as an open-closed
string map [45] also contributes to the understanding of the O(d, d) structure of YB deforma-
tions. Indeed, as emphasized in [46], the open-closed string map can be regarded as a special case
of β-transformation. In this picture, the YB deformation is encoded in the non-commutativity
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parameter Θ of the open-closed string map, as we will discuss in subsection 2.12. In the pa-
pers [49]- [51], the open-closed string map was promoted to a solution generating symmetry
in generalized supergravity and it was shown that the field equations enforce the CYBE for
the antisymmetric bivector Θ. Following this line of work which regards YB deformation as
an open-closed string map, the relation between deformations of supergravity backgrounds and
solutions of the CYBE was further explored in [52] in the context of β supergravity. The rela-
tion between classical R-matrices satisfying the CYBE and the deformed Type IIB supergravity
backgrounds had also been studied in [14], [15], [16] and the correspondence had been dubbed
the gravity/CYBE correspondence.
In this paper, we will examine the homogeneous YB deformations proposed in [24] for
generic GS sigma models and show that the deformation in the target space, including the RR
fields is generated by a non-constant β transformation. We call the matrix associated with
this transformation the Yang-Baxter matrix. Although the YB matrix we find in this paper
is the same as in [41], our work extends the work of [41] in two ways. Firstly, the equivalence
of YB deformations and β transformations is not shown merely on a case by case basis and
works for the generic case (of which AdS5 × S5 is an example). This is because, the YB
deformation rules presented in [24] (and which we rewrite here as an O(d, d) transformation)
is generic and works for any GS sigma model. Secondly, in our case, we do not need to
take the B-field to vanish in the initial background. As also discussed in [41], viewing YB
deformations as O(d, d) transformations in the target space is quite useful. First of all, it makes
the calculations considerably simpler. Moreover, the transformation rules for the fields in the
RR sector almost come for free. Computing the RR fields of the (homogeneous) YB models
by the supercoset construction as in [8], [53] is usually cumbersome. An alternative way is to
start with the deformed NS-NS fields and determine the deformed RR fields by directly solving
the Type IIB supergravity equations as in [7].3 The method we pursue here gives a more direct
and easy to apply formula to determine the RR fields in the deformed background, since the
O(d, d) transformation of the NS-NS fields dictates the transformation for the RR fields. More
precisely, the deformation in the RR sector is completely determined by the Spin(d, d) matrix
SYB projecting to the YB matrix TYB as ρ(SYB) = TYB, where ρ is the usual double covering
homomorphism between Pin(d, d) and O(d, d). We will discuss this in detail in section 3.
The YB matrix we study in this paper is related to the NATD matrix we studied in [25] by
a constant O(d, d) transformation. That the two matrices are related is of course not surprising
at all, given the fact that [24] constructed the YB deformed models by utilizing the connection
with NATD. We will discuss this relationship in section 2.1. Then, in section 2.2 we will explore
the relationship between the YB matrix and another matrix, which we will call the TsT matrix.
This is the O(d, d) matrix associated with LM deformations [54]4. We will show that, in the
2We would like to note that the papers [47, 48] also study the relation between YB deformations and non-
commutative deformations within the context of AdS/CFT duality.
3In the papers [43], [44], the open-closed string map associated with the YB deformation is extended to the
RR sector by utilizing the Page forms.
4The O(d, d) transformation associated with Lunin-Maldacena deformations is widely known as TsT transfor-
mation in the literature, following the original work of [11]. Although we believe that it suits better to name it
TΘT transformation as discussed in the paper [54], we stick with the literature and call it TsT transfrormation,
and hence we call the corresponding O(d, d) matrix the TsT matrix.
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special case when the R matrix is Abelian, the YB matrix becomes constant and reduces to
the TsT matrix. This then provides an alternative proof to the one given in [13] that YB
deformations based on Abelian R-matrices can be generated by TsT transformations.
Since the O(d, d) matrix associated with the β transformation that produces the YB de-
formation is not constant (except when the R-matrix is Abelian), it is not immediately clear
that the transformed fields should satisfy the field equations of DFT. On the other hand, the
way the YB deformed models are constructed ensure that the β-transformed fields of the target
space should form a solution to the equations of generalized supergravity [24]. Since generalized
supergravity equations can be embedded in DFT [55], [56], [57], one concludes that the DFT
fields constructed out of the YB deformed target space field constitute a solution for the field
equations of DFT. Using the results from [25], this allows us to extract DFT fields which form
a solution of gauged double field theory (GDFT) [58], [59], [60], [61] determined by the fluxes
associated with the YB matrix. This then gives us a handle on exploring the gravity/CYBE
correspondence proposed in [14], [15], [16] and perhaps extending it to a DFT/CYBE correspon-
dence. Indeed, we will show that conditions on the R-matrix determining the YB deformation
manifest themselves as conditions on the fluxes on the (G)DFT side. More precisely, we will
show that the CYBE for the R-matrix is equivalent to the vanishing of the R-flux on the
(G)DFT side and that the unimodularity of the R-matrix implies that the Q-flux is traceless.
These results are in agreement with the results of [23] and [39].
The plan of the paper is as follows. In section 2, we find the coordinate dependent O(d, d)
matrix TYB, which we call the YB matrix, that encodes the YB deformation obtained in [24]
of a generic GS sigma model. Also in the same section, we discuss how this matrix reduces
to the O(d, d) matrix associated with Lunin-Maldacena deformations, when the R-matrix is
Abelian. In section 3, we describe the deformation in the RR sector, by identifying the Spin(d, d)
matrix that projects to TYB under the double covering homomorphism between O(d, d) and
Pin(d, d). The purpose of section 4 is to describe the O(d, d) transformation that generates the
YB deformation as a solution generating transformation in DFT. After giving a quick review of
DFT, we describe in section 4.2 the YB deformed fields as twisted fields in GDFT. In section
4.2.2 we compute the fluxes associated with the twist matrix TYB and study the relation between
the conditions on the R-matrix and those on fluxes. As a preparation for this computation,
we discuss some properties of the R-matrix and the dressed R-matrix in 4.2.1. Then in section
4.3 we discuss how the non-unimodularity of the R-matrix forces the generalized dilaton field
to have a linear dependence on winding type coordinates so that the YB deformed fields form
a solution of DFT in the generalized supergravity frame. We conclude with discussions and
outlook in section 5. The paper is complemented with three appendices.
2 Yang-Baxter Deformation as an O(d, d) transformation
In this section, we show that the YB deformation of a generic GS sigma model obtained in [24],
is encoded in a coordinate dependent O(d, d) transformation of the fields in the target space.
This is in fact the matrix of the β-transformation that has already appeared in the literature.
As we will discuss in section 2.2, when the R-matrix associated with the YB deformation
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is Abelian, the β-transformation reduces to the TsT transformation, and the correspondence
between the YB deformation and the TsT transformation is a well established fact. On the
other hand, when the R matrix is non-Abelian, the correspondence between the YB deformation
and the β-transformation has been verified only for the AdS5 × S5 case [41]. Here, we extend
their result by showing that the correspondence holds for the homogeneous YB models found
in [24], of which AdS5 × S5 is a specific example. Moreover, the transformation we consider
here works also when the B-field in the initial background is non-vanishing; an improvement
in what has been achieved so far. In order to determine the YB matrix (that is, the O(d, d)
matrix that produces the YB deformation), analyzing the deformation in the NS-NS sector is
sufficient. Once we find it from this analysis, the transformation of the RR fields is determined
immediately. In Abelian T-duality, RR fields are packaged in a differential form, which can
be a regarded as a spinor field that transforms under Spin(d, d). If the fields in the NS-NS
sector transform under T ∈ O(d, d), then the spinor field that encodes the RR fields transform
under ST ∈ Spin(d, d), which is the element that projects onto T under the double covering
homomorphism ρ between O(d, d) and Spin(d, d), that is, ρ(S) = T [62]. Similarly, once we
figure out the O(d, d) matrix that produces the YB deformation, the transformation of the
RR fields is automatically determined by the corresponding Spin(d, d) matrix, as in Abelian
T-duality. We will discuss this in section 3.
2.1 The YB matrix
The rules for NATD for a generic Green-Schwarz string sigma model with isometry group G has
recently been obtained in [24]. In [54], we identified the matrix whose action on the target space
produces the NATD background presented in [24]. We call this matrix the NATD matrix. It is
an O(10, 10) matrix and is obtained by embedding (as in (A.3) in Appendix A) the following
O(d, d) matrix T in O(10, 10):
TNATD =
(
0 1
1 θIJ
)
. (2.1)
Here, θIJ is given as θIJ = νKC
K
IJ , where C
K
IJ , I, J,K = 1, · · · , d = dimG are the structure
constants of the Lie algebra of the isometry group G of the initial background, and νI are the
coordinates of the NATD background. It was shown in [54] that this matrix gives the correct
transformation rule for the fields both in the NS-NS and the RR sector.
In the same paper [24], the YB deformation for a generic GS sigma model was proposed by
exploiting the relation between NATD and YB deformations [20], [21], [23]. The deformed model
they construct is generated by solutions of classical Yang-Baxter equation and it generalizes
the construction for PCM and supercosets. The formulas they find for the deformed metric
and the B-field are given in equations (4.12)-(4.13) in their paper. As noted in the paper, these
transformation rules can be combined in one compact rule, which we present below5:
G′ +B′ = (G+B)[1 + ηRg(G+B)]
−1. (2.2)
Here η is the deformation parameter, and Rg is the dressed R-operator, related to the R-matrix
5Note that due to the convention in [24] there is a difference in the sign in front of the B field term.
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R as
Rg = Adg−1RAdg, (2.3)
that is,
Rg(X) = g
−1R(gXg−1)g, g ∈ G, X ∈ g, (2.4)
where g is the Lie algebra of the isometry group G. The relation between the NATD and YB
parameters is given in [24] as
νKC
K
IJ = η
−1R−1IJ − η−1(R−1g )IJ . (2.5)
Here, the transformation (2.2) acts on the metric G(x) and the B-field B(x) defined in (C.7),
that is, it acts on GIJ and BIJ with Lie algebra indices. Note that l
I
iGIJ l
J
j = Gij and similarly
for BIJ , where l
I
i are the functions on G that determine the left-invariant one-forms σ
I = lIidθ
i.
For more details on the index conventions, see Appendix (C).
As discussed in [24], the transformation (2.2) can be seen as a generalization of the open-
closed string map of [42], [43], [44]. The best way to see this is to realize that
(Adg−1)
J
I = K
J
I , (2.6)
where we have defined
KJI = k
µ
I l
J
µ. (2.7)
Here, lIµ are as above and k
µ
I are the components of the right invariant vectors fields kI :
kI = k
µ
I ∂µ, (2.8)
that satisfies
[kI , kJ ] = −C KIJ kK . (2.9)
These are Killing vector fields for the left invariant metric Gαβ in (C.4). The relation (2.6)
arises from the well-known relation
r ∗g σ = (Adg−1)σ (2.10)
where the left hand side corresponds to the pull-back of the Maurer-Cartan form σ = σITI =
lIidθ
iTI under the right translation rg, generated by kI . Then the dressed R-operator in (2.3)
can be written as
(Rg)
I
L = K
I
JR
J
KK˜
K
L , (2.11)
where K˜IJ = (Adg)
I
J . Raising the indices of the left hand side with the Cartan-Killing metric
κLM we obtain
(Rg)
IM ≡ (Rg)ILκLM = KIJRJKK˜KL κLM
= KIJR
J
K(K˜
−1)ML κ
LK
= KIJR
JLKML . (2.12)
In the last line above we used K˜ = K−1, which follows from Adg−1 = Ad
−1
g . Also, in the second
line we used the fact that the Cartan-Killing metric is Ad-invariant, that is, Adg is orthogonal
with respect to κ, which implies that
K˜KL κ
LM = (K˜−1)ML κ
LK . (2.13)
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Equivalently
K˜KL κ
LMK˜RM = κ
RK . (2.14)
Since the matrix lIµ is invertible, we can use its inverse l
µ
I to convert all algebra indices I to
curved indices µ. Then, acting on the curved background Gµν , Bµν in (C.2) the YB trans-
formation rule is again as in (2.2), where instead of ηRg we now have Θ, which is defined as
below
Θµν ≡ (Rg)µν = RIJk µI k νJ . (2.15)
This is indeed a generalization of the open-closed string map in the papers [42]- [44], as it
reduces to it for vanishing B-field6.
In order to recast the transformation rule (2.2) as an O(d, d) transformation, we use the
terminology discussed in [25] and write E = G+B, which is known as the background matrix
[63]. It is known that the action of O(d, d) on the background matrix is by fractional linear
transformations:
E → E′ = T.E = (aE + b)(cE + d)−1, (2.16)
where
T =
(
a b
c d
)
∈ O(d, d). (2.17)
Then, (2.2) can be written as
E′ = E[ηΘ E + 1]−1
= TYB . E, (2.18)
where
TYB =
(
1 0
ηΘ 1
)
. (2.19)
Here, for simplicity, we have defined
ΘIJ = (Rg)
IJ . (2.20)
This matrix acts only on the isometry directions indexed by I, J . The O(10, 10) matrix which
acts on the full metric and the B-field is obtained by embedding the O(d, d) matrix (2.19) in
O(10, 10) as in (A.3). When this is done, one gets exactly the deformation rules presented in
equations (4.12)-(4.13) in [24] . For simplicity, we will call both matrices (both the O(d, d) and
the O(10, 10) one) TYB.
It is well known that the transformation of the background matrix E → E′ = T.E under
T ∈ O(D,D) is equivalent to the transformation
H −→ H′ = T H T T , (2.21)
where
H =
(
G−BG−1B BG−1
−G−1B G−1
)
. (2.22)
6It also agrees with the transformation rules given in [52] for non-vanishing B-field.
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In the context of Double Field Theory (DFT), H is called the generalized metric. Taking
T = TYB, one immediately sees that the transformation (2.21) and hence the transformation
(2.18) (which is equivalent to (2.2)) is the same as the β-transformation of [38], [41].
The YB matrix (2.19) also produces the correct transformation rule for the dilaton field.
Under O(d, d) the dilaton field φ transforms as
e−2φ
′
= e−2φ
√
detG
detG′
, (2.23)
where the deformed metric G′ is read off from the symmetric part of the deformed background
matrix E′, that is
G′ =
E′ +E′T
2
. (2.24)
It is a well known fact that the transformation (2.18) implies for G′ the following [63]:
G′ =
1
(cE + d)T
G
1
(cE + d)
. (2.25)
Then,
detG
detG′
= (det(cE + d))2 . (2.26)
When T is as in (2.19) this gives(
detG
detG′
)1/2
= det(ηΘ(G +B) + 1). (2.27)
Plugging this in (2.23) gives
e−2φ
′
= e−2φ.det(ηΘ(G+B) + 1), (2.28)
which is equivalent to
φ′ = φ− 1
2
ln det(ηΘ(G+B) + 1). (2.29)
This is the same result that has been obtained in [24].
2.2 YB deformations as a generalization of LM deformations
Before we move on to the transformation for the RR fields, let us note that the YB matrix
reduces to the matrix that generates the TsT transformation, when the R-matrix is Abelian.
This point is important as it provides an alternative proof to the one given in [13] that YB
deformations based on Abelian R-matrices can be generated by TsT transformations.
This matrix, which we will call the TsT matrix, was found in [54] and it generates the
O(10, 10) transformation associated with single and multi-parameter Lunin-Maldacena defor-
mations of [10], [11]. It is obtained by embedding the following O(d, d) matrix in O(10, 10) as
in (A.3):
TLM =
(
1 0
ΓIJ 1
)
. (2.30)
Here ΓIJ is antisymmetric with I, J = 1, · · · , d, where d is the dimension of the Abelian
isometry group U(1)d. For single parameter deformations, the components of ΓIJ either vanish
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or ΓIJ = −ΓJI = λ for non-vanishing components. For multi-parameter deformations, ΓIJ
can be equated to different deformation parameters. In this way, one can introduce a total of
d(d− 1)/2 independent deformation parameters [64].
Now, assume that the R-matrix R is Abelian. This means that the Lie subalgebra on which
R acts as a non-degenerate operator is Abelian7. From the NATD perspective, the subgroup
G˜ of G with respect to which the NATD has been performed is Abelian. Restricting to this
commutative subgroup and subalgebra, one immediately sees that Rg = R in (2.3). This is
because for a commutative group (assuming that it is also connected), the adjoint representation
is the trivial representation, that is, the adjoint operator AdA acts as the identity operator on the
Abelian Lie algebra of G˜, for all A ∈ G˜. As a result, one sees that for the deformation parameter
(or the non-commutativity parameter in the language of [42]- [44]) we have ΘIJ = ηRIJ =
constant. This can also be seen from (2.5). Since the NATD group G˜ is Abelian, the left hand
side of (2.5) will vanish, giving Rg = R. As a result, for Abelian R-matrices, the antisymmetric
deformation parameter ΘIJ does indeed have constant components and the matrix (2.19) indeed
reduces to the TsT matrix (2.30).
3 Transformation of the RR fields
Realizing the deformation of the metric and the B-field as an O(d, d) transformation8 dictates
the transformation for the RR fields immediately. In Abelian T-duality, RR fields are packaged
in a differential form, which can be a regarded as a spinor field that transforms under Spin(d, d).
If the fields in the NS-NS sector transform under T ∈ O(d, d), then the spinor field that
encodes the RR fields transform under ST ∈ Spin(d, d), which is the element that projects
onto T under the double covering homomorphism ρ between O(d, d) and Pin(d, d), that is,
ρ(S) = T [62]. This extends to the case of NATD, that is, the transformation of the RR fields
is automatically determined by the Spin(d, d) matrix corresponding to the NATD matrix, which
had been determined in [25]. So, it is natural to propose that the RR fields in the YB deformed
background should be produced by the action of the Spin(d, d) matrix SYB projecting to the
YB matrix TYB: ρ(SYB) = TYB. Our results should agree with the results found in [41], where
the transformation of the RR fields is determined by utilizing the methods in [67]. Here, we
adopt the formalism of [62], and the two approaches are known to produce the same results for
the case of Abelian T-duality.
Since TYB generates a β-transformation, finding the Spin(10, 10) element SYB that projects
7It is known that skew-symmetric solutions for CYBE on a finite dimensional Lie algebra g are in one-
to-one correspondence with quasi-Frobenius subalgebras of g. On such a subalgebra the R-matrix acts as a
non-degenerate operator. If this subalgebra is Abelian, the R-matrix is called Abelian; if this subalgebra is
unimodular, the R-matrix is called unimodular. The rank of the R-matrix is equal to the dimension of the
quasi-Frobenius subalgebra. A quasi-Frobenius algebra (also called symplectic) is a Lie algebra which admits a
non-degenerate 2-cocycle. See [65] and the references therein and also the Proposition 22.6 and Proposition 3.1.6
in the book [66].
8To be precise, the transformation is an O(10, 10) transformation. However, it is obtained by embedding
an O(d, d) matrix in O(10, 10) as in (A.3), where d is the dimension of the isometry group. Hence the only
non-trivial action is on the isometry directions. For this reason, we usually refer to this action as an O(d, d)
transformation, rather than as an O(10, 10) transformation.
10
onto it is rather easy. It is given as
SYB : α 7−→ eΘα = (1 + iΘ + 1
2
i2Θ + · · · )α, (3.1)
where α is a generic spinor field (regarded as a differential form through the Clifford map as
in (3.4) and (3.5) below) and iΘα =
1
2Θ
IJ iψI (iψJα), with i being the usual contraction with
iψIψ
J = δ JI . An important feature of SYB we should note here is that it is an element of
Spin+(10, 10), which is the subgroup of Spin(10, 10) connected to the identity component.
This is in contrast with the fact that SNATD is an element of Spin
−(10, 10).
If F is the spinor field that encodes the RR fluxes of the initial background (assuming that
it respects the isometry G), the transformed RR fluxes are read off from the spinor field F ′:
F ′ = e−B
′
SYB.e
BF, (3.2)
where B is the B-field of the initial background and B′ is read off from the anti-symmetric part
of E′ in (2.18):
B′ =
E′ −E′T
2
. (3.3)
For more details, we refer the reader to [54], [68] and [69].
An important difference from the Abelian case is the following. Let us write the differential
form F as
F =
∑
p
G(p) =
∑
p
(
F (p) + F
(p−1)
I σ
I +
1
2
F
(p−2)
IJ σ
I ∧ σJ + · · ·+ F (p−d)σ1 ∧ · · · ∧ σd
)
, (3.4)
where we have decomposed a p−form RR flux G(p) according to how many legs it does have
along the directions of the isometry group G. Since G acts by isometries, the fluxes F (p−a), a =
0, 1, · · · , d will have no dependence on the isometry coordinates θi. We map this differential
form to a Clifford algebra element in the usual way:
F =
∑
p
G(p) =
∑
p
(
F (p) + F
(p−1)
I ψ
I +
1
2
F
(p−2)
IJ ψ
I .ψJ + · · ·+ F (p−d)ψ1. · · · .ψd
)
. (3.5)
The difference we have here is that it is σI and not dxi that we identify with the Clifford algebra
element ψI , for I = 1, · · · , d. On the other hand, for a = d + 1, · · · , 10, dxa is replaced with
ψa, as usual. Here, ψα, α = (I, a) are the Clifford algebra elements ψα = 1/
√
2Γα, where Γα
are the Gamma matrices. For more details, see [68]. For index conventions, see Appendix (C).
4 Embedding the homogeneous YB model in DFT
In the previous section, we showed that the fields in the target space of the YB deformed
GS sigma model can be obtained by applying a coordinate dependent O(d, d) matrix on the
initial target space fields. In this section we describe this O(d, d) transformation as a solution
generating transformation in Double Field Theory (DFT). For this purpose, we start with a
quick review of DFT.
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4.1 A brief review of DFT
DFT is a field theory defined on a doubled space, which implements the O(d, d) T-duality
symmetry of string theory as a manifest symmetry. In addition to the standard space-time
coordinates, the doubled space also includes dual coordinates, which are associated with the
winding excitations of closed strings on backgrounds with non-trivial cycles. The space-time
and dual coordinates XM = (x˜µ, x
µ) transform as a vector under the T-duality group O(d, d).
In DFT, the semi-Riemannian metric and the B-field are encoded in the generalized metric
H, which is an element in SO−(d, d). In order to write down the Lagrangian for the RR sector,
one needs the spinor field S ∈ Spin−(d, d) that projects onto H under the double covering
homomorphism between Spin(d, d) and SO(d, d), that is ρ(S) = H. To describe the p-form
fields in the RR sector, one starts with the democratic formulation of Type II supergravity. In
this formulation, the p-form fields are packaged in a polyform as in (3.4), which is then mapped
to a spinor field χ as in (3.5). In DFT, this spinor field is allowed to have dependence both on
the space-time coordinates and the winding type dual coordinates. Another dynamical field in
DFT is the generalized dilaton field d, which is a generalized scalar field. A generalized scalar
field and more generally generalized tensor fields are defined according to how they transform
under generalized diffeomorphisms of DFT. Infinitesimal transformations under generalized
diffeomorphisms are generated by the generalized Lie derivative, which defines the D-bracket
that generalizes the Lie bracket. Anti-symmetrization of the D-bracket gives the C-bracket.
The gauge algebra of infinitesimal transformations under generalized diffeomorphisms closes
under the C-bracket. For more details see [68], [69].
In its current formulation, DFT is a consistent field theory only when a certain constraint,
called the strong constraint is satisfied. When the strong constraint is satisfied generalized
tensor fields become sections of the direct sum of the tangent and the cotangent bundle9,
generalized diffeomorphisms reduce to the semi-direct product of space-time diffeomorphisms
and B-field gauge transformations, and the C-bracket becomes the Courant bracket. This is
the framework of generalized geometry program of Nigel Hitchin [70], [71]. A trivial solution
of the strong constraint occurs when all the fields and gauge parameters in the theory are
independent of the winding type coordinates. Such fields are said to belong to the supergravity
frame and it can be shown that the DFT action reduces to the standard supergravity action in
the supergravity frame. Another well known solution of the strong constraint is provided when
all the fields except for the dilaton field depend on all but one of the space-time coordinates
and have no dependence on the winding type coordinates, whereas the dilaton field does also
have a linear dependence on the winding type coordinate dual to the remaining space-time
coordinate. In such a frame, DFT equations are known to reduce to generalized supergravity
equations of [31], [32]10. Henceforth, we will call this frame the generalized supergravity frame.
9Here, the tangent bundle is the union of all ‘physical tangent spaces’ determined at each point of the doubled
manifold by the strong constraint as a maximally isotropic subspace of the doubled tangent space. Although
the structure of a doubled manifold and its tangent space is not very well understood, this choice of a physical
tangent space can at least be done in a local chart.
10Generalized supergravity equations (GSE) is a deformation of supergravity equations determined by a Killing
vector field. In an adopted coordinate system this Killing vector field generates translations along the space-time
coordinate on which the DFT fields have no dependence.
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4.2 YB matrix as a twist matrix in GDFT
From the way they are constructed the target space fields of the YB deformed GS sigma model
form a solution of supergravity equations, if the corresponding R-matrix is unimodular and
of GSE if not unimodular [24]. Then, according to the discussion above, one can construct
DFT fields corresponding to these target space fields which solve the field equations for DFT
either in the supergravity frame or in the generalized supergravity frame, depending on the
unimodularity of the R-matrix. On the other hand, the initial target space fields before the
deformation also form a solution for the field equations of DFT in the supergravity frame,
as they belong to the target space of a GS string sigma model. We showed in 2.1 that the
homogeneous YB model is obtained through the action of the O(d, d) matrix TYB. Hence, the
YB deformation of the GS sigma model is indeed a solution generating O(d, d) transformation
for the DFT fields corresponding to the target space fields. A natural question to ask at this
point is as to how the condition of unimodularity and the classical Yang-Baxter equation arises
on the DFT side. For addressing this question, we find it useful to utilize the methods developed
in [25], where we considered DFT fields whose dependence on the doubled DFT coordinates
are separated as φ(x, Y ) = U(Y ).φ(x). Here, the O(d, d) matrix U(Y ) is called the twist
matrix, φ(x, Y ) denotes a generic DFT field, (x, Y ) are DFT coordinates and the action of
U(Y ) ∈ O(d, d) is determined by how φ transforms under the O(d, d) duality group of DFT (or
more generally under Spin(d, d) if φ is a spinor field in DFT). Using terminology from Scherk-
Schwarz compactifications, we call the fields φ(x, Y ) twisted fields, whereas the fields φ(x) are
called untwisted fields. We showed in [25] that the twisted fields satisfy the field equations
of DFT, if and only if the untwisted fields satisfy the field equations of Gauged Double Field
Theory (GDFT), provided that U(Y ) satisfies a certain set of conditions.11 This discussion is
relevant for analyzing the homogeneous YB model, as the fields here are also twisted fields with
the twist matrix being TYB, as was shown in section 2.1. This perspective will allow us to read
off the CYBE and the condition of unimodularity in terms of fluxes on the GDFT side.
From the rules (2.21) and (3.2) we presented in the section 2.1 and section 3, we know that
the fields in the target space of the homogeneous YB model are of the following form12:
H′AB(x, ν) = (TYB)AC(ν)HCD(x)(TYB)BD(ν), (4.1)
K′(x, ν) = SYB(ν)K(x)(SYB)†(ν), (4.2)
F ′(x, ν) = e−B
′(x,ν)SYB(ν)e
B(x)F (x), (4.3)
d(x, ν) = d(x), (4.4)
where the fields on the right hand side without tilde are the DFT fields constructed out of the
target space fields before the deformation. The coordinates ν = {νI}, I = 1, · · · , d are regarded
as coordinates on the group manifold G by using the relation (2.5) derived in [24]. The fields
before and after the deformation have no dependence on the winding type coordinates, that is,
they belong to the supergravity frame. Also, the fields both before and after the deformation
11GDFT is a deformation of DFT, obtained from a Scherk-Schwarz reduction and the deformation is determined
entirely by the so called fluxes associated with the twist matrix U(Y ). For more details, see Appendix B.
12For now, we assume that the R-matrix is unimodular. As will be discused in section 4.3, if the R-matrix is not
unimodular, the generalized dilaton field is forced to have a linear dependence on the winding type coordinates.
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have flat indices A = (α,
α) with α = (I, a). For details on the index conventions, see Appendix
(C). In (4.3), ρ(SYB) = TYB and B
′(x, ν) is read off from the antisymmetric part of H′(x, ν)
in (4.1). The spinor field K in (4.2) is defined as K = C−1S and its transformation rule
is determined by that of H since ρ(S) = H. For more details, see [54]. Note that the fields
HAB(x),K(x), d(x), F (x) satisfy the field equations of GDFT with geometric fluxes f KIJ = C KIJ
associated with the isometry, as discussed in Appendix (C).
Hence, the DFT fields constructed from the fields in the target space of the homogeneous
YB model are indeed twisted fields, where the twist matrix is the YB matrix TYB in (2.19). The
twist matrix TYB does satisfy the constraints (B.8, B.9) presented in Appendix (B). Firstly,
it is obtained by embedding an O(d, d) matrix in O(10, 10) and the untwisted fields do not
depend on the corresponding d coordinates. This ensures that (B.9) is satisfied. Also, TYB does
not depend on the winding type coordinates, which then implies that (B.8) is also satisfied.
Another condition that needs to be imposed on the twist matrices for a consistent reduction
is that the associated fluxes defined in (B.5) should be constant. In subsection (4.2.2) we will
compute these fluxes and show that they are indeed constant. Moreover, we will show that the
CYBE and the unimodularity condition for the R-matrix become conditions on the fluxes. As
a preparation for this computation, we give below a brief review of R-matrices and the related
algebraic structures.
4.2.1 Properties of the R-matrix and the dressed R-matrix
Let G be a semisimple Lie group with Lie algebra g. Let R be an endomorphism on g with RIJ
being the components of the corresponding matrix with respect to a fixed basis TI of g:
RX = (RX)ITI = R
I
JX
JTI . (4.5)
Let RIJ = κILRJL, where κ is the non-degenerate Cartan-Killing form on g. We assume that
R is skew-symmetric with respect to κ so that RIJ = −RJI . The CYBE for the operator R is
the following:
[RX,RY ]−R([RX,Y ] + [X,RY ]) = 0, ∀X,Y ∈ g. (4.6)
With respect to the fixed basis TI this is equivalent to the following equation
RLIRMJC KLM +R
LJRMKC ILM +R
LKRMIC JLM = 0, (4.7)
where C KIJ are the structure constants of the Lie algebra g with respect to the basis TI and all
indices are raised and lowered by the Killing form κ. The equation (4.6) is a sufficient condition
for the bracket [, ]R to satisfy the Jacobi identity (see, for example, the book [72]), where
[X,Y ]R = [RX,Y ] + [X,RY ]. (4.8)
Then, this yields a new Lie algebra gR with the same underlying vector space as that of g and
the new bracket [, ]R. The structure constants C˜
K
IJ of gR with respect to the basis TI can be
computed to be
C˜ LIJ = C
L
KJ R
K
I − C LKI RKJ = −C˜ LJI . (4.9)
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Lowering the index L and using the fact that CIJK are totally anti-symmetric in all of its
indices we obtain
C˜IJL = −CKLJRKI + CKLIRKJ . (4.10)
Now we raise the indices I and J to obtain
C˜IJL = C
J
KL R
IK − C IKL RJK . (4.11)
Note that
C˜IJK T˜
K = [T˜ I , T˜ J ]R, (4.12)
where
T˜ I = κIJTJ (4.13)
are elements of the dual Lie algebra g∗R, where we have identified gR and its dual g
∗
R by the
bilinear from κ in the usual way.
The dressed matrix is defined as in (2.3), which we rewrite here for convenience:
Rg = Adg−1RAdg. (4.14)
An important property that we will use in computing the fluxes is that the dressed R-matrix
is also an R-matrix that satisfies the CYBE (whenever R does) and as such it defines a Lie
bracket [, ]Rg , which is in fact equivalent to [, ]R
13. Then the equations (4.7) and (4.9) are still
true, when one replaces R with Rg. These facts can be shown easily by using the fact that Adg
is an automorphism of the Lie bracket.
We showed in (2.12) that the following holds for the dressed R-operator
RIJg = K
I
LR
LMKJM , (4.15)
where KIJ is as in (2.7). The coordinate dependence of the dressed R-matrix comes from the
functions KIJ . So, in computation of the fluxes, we will encounter terms of the form ∂LK
I
J ,
where ∂L = l
i
L∂i,
14 where lIil
i
L = δ
I
L. In order to calculate this, first note that the functions K
I
J
are just
KJI = ikIσ
J , (4.16)
where kI are the right-invariant vector fields in (2.8) and σ
I are the left-invariant one-forms.
Now, using the fact
LkIσJ = dikIσJ + ikIdσJ = dikIσJ + ikI (
1
2
CJKLσ
K ∧ σL) = 0, (4.17)
we immediately obtain
∂LK
I
J = −C IPL KPJ . (4.18)
13This, of course, is natural as Rg is constructed by taking an R-matrix R at the identity element of the group
manifold G and by extending it to the whole manifold by the adjoint action, which is an automorphism of the
Lie bracket.
14 The reason why we have derivatives ∂I rather that ∂i becomes clear in the computation (4.21).
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4.2.2 Fluxes associated with the YB matrix and the CYBE
We are now ready to compute the fluxes associated with the twist matrix (2.19). We have
(TYB)
A
B =
(
T βα Tαβ
Tαβ Tαβ
)
, (4.19)
with T ba = δ
b
a , T
a
b = δ
a
b, T
J
a = T
a
J = T
b
I = T
I
b = 0. For more details on the index structure,
see Appendix C. The embedded d × d matrix, which we have also called the YB matrix has
components T IJ = δ
I
J , T
J
I = δ
J
I , TIJ = 0 and T
IJ = ΘIJ . Then, the formula in (B.5) for the
fluxes becomes
fABC = 3Ω[ABC], ΩABC = −TEA∂ETFB(T−1)DF ηCD. (4.20)
We expand this as
ΩABC = −TEA∂ETFB(T−1)DF ηCD
= −TαA∂αTFB(T−1)DF ηCD
= −T IA∂IT JB(T−1)DJηCD. (4.21)
In the second line we used the fact that the twist matrix TYB has no dependence on the winding
type coordinates and in the third line we used the fact that the twist matrix depends only on the
coordinates along the isometry directions. (Recall that the doubled coordinate A decompose
as A = (α,
α), where α = (I, a) with the indices I labelling the isometry directions.)
Using (4.21) one immediately finds that the only non-vanishing fluxes are
RIJK = 3Ω[IJK] = 3ΘL[I∂LΘ
JK], (4.22)
and
Q JKI = Ω
JK
I = ∂IΘ
JK . (4.23)
Using the structure of the YB matrix (2.19), the equation (4.18) and (2.12) we find
ΩIJK = RLIg R
RJ
g C
K
RL −RLIg RRKg C JRL , (4.24)
which gives
RIJK = ΩIJK +ΩJKI +ΩKIJ = RL[Ig R
|R|J
g C
K]
RL . (4.25)
We can also compute the Q-flux by using (4.18) and (2.12):
Q JKI = Ω
JK
I = C
J
PI R
KP
g − C KPI RJPg = C [JPI RK]Pg . (4.26)
Now recall that RIJ are the components of an R-matrix that satisfies the CYBE (4.7) and
the relation (4.11). As a result, the dressed R-matrix Rg (2.3) also satisfies (4.7) and (4.11).
Using these in (4.25) and (4.26) respectively we obtain
RIJK = 0, (4.27)
Q JKI = C˜
JK
I . (4.28)
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Therefore, we conclude that YB deformation is a process which takes a solution of GDFT
with geometric flux associated with the isometry group G and deforms it to another solution of
GDFT with vanishing R-flux and non-vanishing Q-flux. The non-vanishing Q-flux is given by
the structure constants of the dual Lie algebra g∗R of gR determined by the R-matrix R. This is
in agreement with the results of [23], which finds that Q-flux describes the dual geometric flux
in the context of Poisson Lie σ-models (see section 4.2 of [23]).
Before we move on to the discussion of the non-unimodularity condition for the R-matrix
in the next subsection, we would like to make a comment. In obtaining the equation (4.27),
we used the fact that if the CYBE (4.7) is satisfied by the R-matrix (and hence by the dressed
R-matrix), then the R-flux computed in (4.25) vanishes. In fact, the converse statement is also
true: if we demand the R-flux to vanish15, then the CYBE must be satisfied by the R-matrix
that determines the YB deformation. Indeed, using the fact that the structure constants C KIJ
are antisymmetric in their lower indices we see that the equation RIJK = 0 for the R-flux is
equivalent to the CYBE (4.7) for the dressed R-matrix.
4.3 The Dilaton Field and the Generalized Supergravity Equations
In this section, we analyze the case when the R-matrix that determines the YB deformation is
non-unimodular. As we discussed in the introduction, unimodularity of the R-matrix is required
for the homogeneous YB model to be a solution of supergravity equations. On the other hand,
when it is non-unimodular, the model is known to be a solution of GSE [65].
The condition for unimodularity presented in [65] is16:
RIJC KIJ = 0. (4.29)
Since the Lie algebra g we start with is unimodular so that C IIJ = 0 in any basis, a close
examination of (4.11) shows that the condition (4.29) is satisfied if and only if the structure
constants C˜IJK are traceless. This then implies that the R-matrix is unimodular if and only if
the Q-flux generated by the YB matrix is traceless, see (4.28). This is in agreement with the
results of [39], which also finds that the non-unimodularity of the R-matrix is measured by the
trace of the Q-flux. Looking at the expression (4.23), one sees that the trace of the Q-flux is
just the divergence of Θ: Q IKI = ∂IΘ
IK , which is the non-commutativity parameter in the
language of [42]- [44]. These papers identify the Killing vector field that defines the GSE with
the divergence of the noncommutativity parameter, which quite fittingly arises as a measure of
non-unimodularity in our approach here.
Now, assume that the condition (4.29) is not met, that is, the R-matrix is not unimodular.
As a result, the Q-flux is trace-full, that is, the fluxes f I defined in (B.7) are non-vanishing.
This contributes to ηI , whose definition is given in (B.5). However, it is well-known that the
GDFT action with non-vanishing ηA is not consistent [58], [60]. Therefore, the f
I part in (B.5)
should be compensated by a non-trivial dilaton anzats. A similar situation was considered
15Note that this is in fact a reasonable thing to demand, as the non-vanishing R-flux is usually a sign of
non-geometry, even locally.
16This also means that the quasi-Fobenius subalgebra of g determined by R is unimodular, see [65].
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in [25] and [73]. Rewriting (B.5) in components, we see that we need to have
ηI = f I − (U−1)MI∂Mσ = 0, (4.30)
ηI = fI − (U−1)MI∂Mσ = 0. (4.31)
When the twist matrix is equal to the YB matrix U−1 = TYB, we have (U
−1)IJ = ΘIJ , and
(U−1)IJ = δ
I
J , (U
−1) JI = δ
J
I , (U
−1)IJ = 0. Plugging this in (4.30) we get
−2δJ I∂Jσ = 0, (4.32)
2ΘJI∂Jσ + 2δ
I
J ∂˜
Jσ = f I = constant. (4.33)
Combining (4.32) and (4.33) we obtain
∂Iσ = 0, ∂˜
Iσ = constant.
In other words, σ is linear in the winding type coordinates and does not depend on the standard
coordinates. Then, the generalized dilaton field will of the form:
d(x, ν˜) = d(x) +mI ν˜
I , (4.34)
where mI are constants.
Due to the linear dependence of the generalized dilaton field on the winding type coordi-
nates17 we are now in the generalized supergravity frame discussed at the end of section 4. It
was shown in [55] and [57] that the field equations of DFT in this frame reduce to GSE. There-
fore, the fields in the homogeneous YB model, which are known to form a solution of GSE
when the R-matrix is not unimodular also solve the field equations of DFT. Hence, the YB de-
formation is indeed a solution generating transformation in DFT, also for the non-unimodular
case.
5 Conclusion
In this paper, we studied the homogeneous YB deformation proposed in [24] for generic GS
sigma models and showed that the deformation in the target space, including the RR fields is
generated by a non-constant O(d, d) transformation. The associated matrix, which we call the
YB matrix, is determined by an R-matrix satisfying the CYBE. The coordinate dependence
comes from extending this fixed R-matrix to a dressed R-matrix on the whole group manifold
(of the isometry group) by the adjoint action. Since the adjoint action is an automorphism of
the Lie bracket, the resulting dressed R-matrix also satisfies the CYBE, whenever the initial
R-matrix does. Relating this to the open-closed string map approach of [42], [43], [44], we
see that their bi-Killing anzats for the noncommutativity parameter arises naturally from this
construction with the adjoint action.
17Note that, due to the appearance of the term e−σ(Y ) in the anzats (B.3), the spinor field F = e−B/∂χ also has
a dependence on the winding type coordinates. The other DFT fields H and S have no dependence on winding
type coordinates. For more details on a similar situation, see [73].
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The YB matrix we find in this paper is related by a constant O(d, d) transformation to
the matrix found in [25] that generates NATD backgrounds, solidifying the relation between
NATD and YB deformations. It also provides a nice framework to understand how the ho-
mogeneous YB deformation generalizes the Lunin-Maldacena deformation. Indeed, we showed
that when the R-matrix is Abelian, the YB matrix reduces to the TsT matrix that generates
LM deformations. Note that the TsT transformation was generalized in [64] to a solution
generating transformation for 11 dimensional supergravity. Using the formalism there and the
results we obtain here, we expect it to be possible to also generalize the YB deformation to a
solution generating transformation in 11 dimensions. We would like to note that generalized
YB deformations in 11 dimensions has been studied very recently [74] within the framework of
Exceptional Field Theory, a formalism which provides a U-duality covariant formulation for 11
dimensional supergravity.
Besides making calculations easier, our approach gives a natural embedding of the homoge-
neous YB model in DFT. This enabled us to show that the YB deformed fields can be regarded
as duality twisted fields in the context of GDFT. We computed the fluxes associated with the
YB matrix and showed that the conditions on the R-matrix determining the YB deformation
manifested themselves as conditions on the fluxes on the (G)DFT side. More precisely, we
showed that the R-flux associated with the YB matrix vanished if and only if the R-matrix sat-
isfied the classical Yang-Baxter equation, and that the unimodularity of the R-matrix implied
that the Q-flux was traceless. Working in the framework of (G)DFT also made it possible to
clarify the relation between the non-unimodularity of the R-matrix, the trace of the Q-flux and
the generalized supergravity equations. We hope that the approach we pursue here contributes
towards a better understanding of the exciting relation between the CYBE and (generalized)
supergravity solutions.
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A O(D,D) Action on Curved Backgrounds
Let T be a matrix in O(d, d,R). Then
T =
(
a b
c d
)
, atc+ cta = 0, btd+ dtb = 0, atd+ ctb = I. (A.1)
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This can be embedded in O(D,D,R) as follows
Tˆ =
(
aˆ bˆ
cˆ dˆ
)
, (A.2)
where aˆ, bˆ, cˆ, dˆ are D ×D matrices defined below:
aˆ =
(
a 0
0 I
)
, bˆ =
(
b 0
0 0
)
, cˆ =
(
c 0
0 0
)
, dˆ =
(
d 0
0 I
)
. (A.3)
The action of the O(D,D) matrix Tˆ on the background matrix E is defined as below:
E′(g′, B′) = Tˆ . E(g,B) ≡ (aˆE + bˆ)(cˆE + dˆ)−1. (A.4)
The transformed metric and the transformed B-field are read off from E′ as
g′ =
E′ + E′t
2
, B′ =
E′ − E′t
2
. (A.5)
B GDFT and the Fluxes
GDFT is obtained from a Scherk-Schwarz reduction of DFT with the following duality twisted
reduction anzats: [68]:
HMN (X,Y ) = (U−1)MA(Y )HAB(X)(U−1)NB(Y ), (B.1)
S(X,Y ) = (S−1)†(Y )S(X)S−1(Y ), (B.2)
F (X,Y ) = e−σ(Y )e−B(X,Y )S(Y )eB(X)F (X), (B.3)
d(X,Y ) = d(X) + σ(Y ). (B.4)
Here, X denote collectively the coordinates of the reduced theory. The Y coordinates are the
internal coordinates, which will be integrated out eventually. One can further decompose these
coordinates into dual and standard coordinates as Y = (y˜, y) and X = (x˜, x). The twist matrix
U(Y ) is an element of O(D,D) and ρ(S) = U−1, where ρ is the double covering homomorphism:
ρ : Pin(D,D)→ O(D,D). B(X,Y ) in (B.3) is read off from the antisymmetric part of H(X,Y )
in (B.1).
The reduced theory is determined by the so called fluxes fABC , ηA, which are defined as
below:
fABC = 3Ω[ABC], ηA = ∂M (U
−1)MA − 2(U−1)MA∂Mσ, (B.5)
ΩABC = −(U−1)MA∂M (U−1)NBUDNηCD. (B.6)
Note that ΩABC are antisymmetric in the last two indices: ΩABC = −ΩACB. We also make the
following definition
fA = −∂M (U−1)MA = ΩCAC . (B.7)
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For a consistent reduction, constraints that should be obeyed by the twist matrices are as
follows [58]- [60]:
∂P (U−1)MA∂P g(X) = 0, (B.8)
(U−1)MA∂Mg(X) = ∂Ag(X), (B.9)
where g is any of the DFT fields (H,S, χ). In addition to the above, the weak and the strong
constraint has to be imposed on the external space so that
∂A∂
AV (X) = 0, ∂AV (X)∂
AW (X) = 0, (B.10)
for any fields or gauge parameters V,W that has dependence on the coordinates of the external
space only. Also, all fluxes must be constant for the consistency of the reduced theory, which
ensures that the Y dependence is completely integrated out in the reduced theory.
C Index Structure for the Twist Matrices
Our index conventions are as follows:
M,N, · · · : Doubled coordinates; M = (µ, µ),
A,B, · · · : Doubled coordinates; A = (α, α),
µ = (i,m), µ = 1, · · · , 10; i = 1, · · · , d, d = dimG,
α = (I, a), α = 1, · · · , 10; I = 1, · · · , d.
According to the embedding rules in (A.3), a twist matrix T ∈ O(D,D,R), which only twists
the d isometry directions is of the following form:
TMA =
(
T αµ Tµα
T µα T µα
)
, (C.1)
with T am = δ
a
m , T
m
a = δ
m
a, T
I
m = T
m
I = T
a
i = T
i
a = 0.
There are two types of twist matrices relevant for this paper: L and TYB. Let us discuss
the index structure of these matrices.
The twist matrix L arises when the Lie group G acts on the background by isometries. In
this case we can write
ds2 = Gµνdx
µdxν = Gmndx
mdxn + 2Gmidx
mdθi +Gijdθ
idθj (C.2)
= Gmndx
mdxn + 2GmIdx
mσI +GIJσ
IσJ (C.3)
= Gαβσ
ασβ, (C.4)
where θi, i = 1, · · · , d are coordinates for G and σa = δamdxm and σI , I = 1, · · · , dimG are the
left invariant 1-forms on G; σI = lIidθ
i. Similarly,
B =
1
2
Bµνdx
µ ∧ dxν (C.5)
=
1
2
Bmndx
m ∧ dxn +BmIdxm ∧ σI + 1
2
BIJσ
I ∧ σJ . (C.6)
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Since the group G acts on the background by isometries, all the θ dependence of the fields are
encoded in lIi. We define the matrices G(x, θ), G(x), B(x, θ) and B(x) from
ds2 = dxTG(x, θ)dx = σTG(x)σ, B = dxTB(x, θ) ∧ dx = σTB(x) ∧ σ, (C.7)
where ∧ denote the obvious wedge product of matrices and dx and σ denote the 10-vectors with
components (dx1, · · · , dx10) and (σ1, · · · , σd, dxd+1, · · · , dx10), respectively. Then the back-
ground matrix E = G+B has the following form:
E(x, θ) = lT (θ)E(x)l(θ), (C.8)
where l is the GL(10) matrix obtained by embedding in the GL(d) matrix ld with components
(ld)
I
i = l
I
i. The embedding is as described above so that (ld)
I
m = l
a
i = 0 and (ld)
a
m = δ
a
m.
This is equivalent to the following O(10, 10) action :
E(x, θ) = L(θ).E(x), (C.9)
where L is the following O(10, 10) matrix:
L =
(
lT 0
0 l−1
)
. (C.10)
One can show that (C.9) is equivalent to [75]:
H(x, θ) = L(θ)H(x)LT (θ). (C.11)
Since the twist matrix L operates between curved and flat indices, the index structure of it is
as follows:
HMN (x, θ) = L(θ)MAHAB(x)LNB(θ), (C.12)
where we have identified
H ←→ HMN ←→
(
G−BG−1B G−1
−G−1B G−1
)
. (C.13)
From (C.10) we read off L am = δ
a
m , L
m
a = δ
m
a, L
I
m = L
m
I = L
a
i = L
i
a = 0 and L
I
i = (Ld)
I
i =
l Ii , L
i
I = (Ld)
i
I = l
i
I , where l
i
I l
I
j = δ
i
j.
One can show that (see [54]) (C.11) implies the following for the other DFT fields:
K(x, θ) = SL(θ)K(x)S−1L (θ), (C.14)
F (x, θ) = SL(θ)F (x) = e
B(x,θ)SL(θ)e
−B(x)F (x), (C.15)
where ρ(SL) = L.
From the formulas (B.5) with (U−1)MA = L
M
A, one finds the the only non-vanishing flux is
the geometric flux
f KIJ = −liI∂iljJ lKj + liJ∂iljI lKj = C KIJ . (C.16)
This follows from the fact that σI = lIidθ
i are left-invariant one-forms and as such they satisfy
dσI =
1
2
C KIJ σ
J ∧ σK . (C.17)
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Now, let us discuss the index structure of the twist matrix TYB (2.19). First, recall that
ΘIJ = lIµΘ
µν lJν where Θ
µν = kµJR
JLkνL. Then we can write
TYB = L
−1T curvedYB L, (C.18)(
1 0
ΘIJ 1
)
=
(
(l−1)T 0
0 l
)(
1 0
Θµν 1
)(
lT 0
0 l−1
)
. (C.19)
Hence, the index structure is as follows
(TYB)
A
B = (L
−1)AM (T
curved
YB )
M
NL
N
B . (C.20)
Then,
(TYB)
A
B =
(
T βα Tαβ
Tαβ Tαβ
)
, (C.21)
with T ba = δ
b
a , T
a
b = δ
a
b, T
J
a = T
a
J = T
b
I = T
I
b = 0. The embedded d× d matrix, which we
have also called the YB matrix has components T IJ = δ
I
J , T
J
I = δ
J
I , TIJ = 0 and T
IJ = ΘIJ .
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